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The massless scalar wave propagation in the time-dependent BTZ black hole background has been
studied. It is shown that in the quasi-normal ringing both the decay and oscillation time-scales are
modified in the time-dependent background.
Quasinormal modes of black holes have been an intriguing subject of discussions over thirty years [1], leading to
important contributions to the understanding of black holes [2, 3, 4, 5]. Up until very recently, all works in this field
deal with asymptotically flat spacetimes. In the past few years the study has been extended to de Sitter space [6, 7]
as well as Andi-de-Sitter space [8, 9, 10, 11]. In addition to the astronomical interest that quasinormal modes carry
a unique fingerprint which would lead to the direct identification of the black hole existence, quasinormal modes is a
good testing ground which gives evidence of the correspondence between gravity in AdS(dS) spacetime and quantum
field theory at the boundary.
So far the study of quasinormal modes is restricted to time-independent black hole backgrounds. It should be
realized that it is realistic to consider a black hole with parameters changing with time due to the absorption or
evaporation processes. Recently the influence of the time-dependent spacetime effect on the late-time tail behavior of
the perturbation on the black hole background has been explored [12]. In our previous work [13], we have investigated
the modification to the quasinormal modes in the dynamic Schwarzschild black hole background. The temporal
evolution of massless scalar field perturbation, especially the quasinormal modes in different time-dependent situation
have been obtained. It is of interest to extend our study to time-dependent AdS spacetime. AdS spacetime share
with asymptotically flat spacetimes the common property which makes it a good testing ground what one wants to go
beyond asymptotic flatness. Besides exploring the quasinormal modes in time-dependent AdS spacetime can provide
further understanding to the AdS/CFT correspondence.
We will concentrate on 3D non-rotating BTZ black hole [14] with the metric
ds2 =
(
−M + r
2
l2
)
dt2 −
(
−M + r
2
l2
)−1
dr2 − r2dφ2 (1)
and Λ = −1/l2
In this general stationary coordinate, the quasinormal modes and associated frequencies are studied in [11]. However,
this coordinate is not appropriate to be used to study the time-dependent case [13]. One option is to use the Kruskal-
like coordinate in time-dependent problems. Here we first show that Kruskal coordinate is valid in studying the wave
propagation in stationary BTZ black hole.
The Kruskal coordinate for the BTZ black hole is given by [14]
ds2 = Ω2
(
dτ2 − dρ2
)
− r2dφ2 (2)
where τ and ρ are the time-like and space-like coordinates respectively. For r ≥ r+, they are defined by
r+ < r ≤ ∞


ρ =
√
r−r+
r+r+
cosha+t
τ =
√
r−r+
r+r+
sinh a+t
(3)
where
a+ =
√
M
l
, r+ = l
√
M, Ω2(r, t) =
(
r√
M
+ l
)2
2The relation between τ , ρ and t, r are
t =
l
2
√
M
ln
(
1 + τ/ρ
1− τ/ρ
)
(4)
r =
1 + (ρ2 − τ2)
1− (ρ2 − τ2) l
√
M (5)
The propagation of the massless scalar field in Kruskal coordinates is governed by
1√
r
(Ψ, ττ −Ψ, ρρ) +
(
−r
′2 − r˙2
4r5/2
+
r′′ − r¨
2r3/2
+
m2
r5/2
Ω2
)
Ψ = 0 (6)
where m is the angular quantum number.
Analogous to the null coordinates used in [4], we make the variable transformations
u = τ − ρ, v = τ + ρ (7)
then the expression of t and r are
t =
l
2
√
M
ln
(
− v
u
)
(8)
r =
1− uv
1 + uv
l
√
M (9)
and r will be a function of u and v, r = r(u, v), and ∂∂τ =
∂
∂v +
∂
∂u ,
∂
∂ρ =
∂
∂v − ∂∂u .
Equation (6) becomes
4√
r
Ψ, uv +
(
1
r5/2
∂r
∂v
∂r
∂u
− 2
r3/2
∂2r
∂u∂v
+
m2
r5/2
Ω2
)
Ψ = 0 (10)
Taking
u∗ = ln
(
− 1
u
)
v∗ = ln v
we have


t = l√
M
v∗+u∗
2
r∗ = l√
M
v∗−u∗
2
r = −l
√
M coth
(√
M
l r∗
)
(11)
Eq.(10) can be written as
−4Ψ, u∗v∗ = VΨ (12)
3where the effective potential reads
V =
r − r+
r + r+
(
1
r2
∂r
∂v
∂r
∂u
− 2
r
∂2r
∂u∂v
+
m2
r2
Ω2
)
(13)
This potential diverges when r → ∞, which has the same property as that in general coordinates (1). This
divergence can be overcome by imposing the boundary condition Φ = 0 as r →∞(u∗ = v∗).
It is straightforward to write Eq. (12) into the discrete form
ΨN = ΨW +ΨE −ΨS −∆u∗∆v∗V
ΨW +ΨE
8
(14)
As one can see from the TABLE. I, numerical result got by employing the Kruskal coordinates agrees well to that
of the general coordinate [11]. This shows that Kruskal coordinate is valid to investigate the wave propagation in the
BTZ black hole background.
From the wave equation in the Kruskal coordinate (6), it is easy to see that the metric terms of the time-like
coordinate τ and the space-like coordinate ρ are the same and black hole parameters only appear in the effective
potential. This makes the investigation in the time-dependent case much easier. In the time-dependent case, the wave
equation has the same form (12), however now
∂2r
∂u∂v
=
1
1 + uv
[
l(1− uv)
2
√
M
(
M,uv −
M,uM,v
2M
)
− l
(1 + uv)
√
M
(vM,v + uM,u)−
2(1− uv)
(1 + uv)2
l
√
M
]
=
r
2M
(
M,uv −
M,uM,v
2M
)
− (r + r+)
2
4r+M
(vM,v + uM,u)
− r
2
(
1 +
r
r+
)2
(15)
and
∂r
∂u
∂r
∂v
=
l2
(1 + uv)2
[
4uv
(1 + uv)2
M
+
(1− uv)2
4
M,uM,v
M
− 1− uv
1 + uv
(vM,v + uM,u)
]
=
r2
4M2
M,uM,v −
r(r + r+)
2
4r+M
(vM,v + uM,u)
− (r + r+)
3(r − r+)
4r2+
(16)
where the mass of the black hole has a general dependence on t, then it is a function of τ and ρ in Kruskal coordinate.
We now present the result of our numerical calculations in the time-dependent black hole background. In the first
series of simulations, we consider the simple situation by choosing the mass of the black hole M = M0 +
2A
l t, where
M0, A are constants. Employing (8), we have
M3/2 −M0M1/2 = A ln
(
− v
u
)
(17)
and
M,u = −
2A
√
M
(3M − 2M0)u
M,v =
2A
√
M
(3M − 2M0)v
4

M,uM,v =
4A2M(r+r+)
9(3M−2M0)2(r−r+)
M,uv = − 3M+2M02M(3M−2M0)M,uM,v
(18)
The results are shown in Fig. 2, 3 and 4. The modification to the quasinormal modes due to the time-dependent
background is clear. When M increase linearly with t, the decay becomes faster compared to the stationary case,
which corresponds to say that ωI increases with t. The real part of the quasinormal frequency is no longer a constant
as that for stationary black hole, it increases with the increase of time. WhenM decreases linearly with t, compared to
the stationary case, we observed that both ωI , ωR decrease with the increase of time. The situation of the quasinormal
frequency on the evolution of time is different from that in asymptotically flat spacetime [13]. This difference is caused
by the special property of AdS spacetime which leads to different behavior of the effective potential from that of the
asymptotically flat spacetime. In light of the observations of Ching et al [15] this different result is not surprising.
We have also extended our discussion to a more realistic model, an evaporating black hole with the mass determined
by [16]
M˙ = −α0M2 (19)
where α0 is a constant coefficient. One can obtain the mass of the black hole as a function of t from Eq. (19) as
M(t) =
1
α0t+ b
(20)
where b is an arbitrary constant.
Results of the numerical calculations are shown in Fig. 5, 6, and 7. Different from the stationary black hole case,
for the evaporating black hole both real and imaginary parts of quasi-normal frequencies ωI and ωR decrease with
respect to t, in consistent with the simple case above.
In summary we have studied the evolution of the massless scalar field in the time-dependent BTZ black hole
background. We have found that the Kruskal-like coordinate is an appropriate framework to investigate the wave
propagation in the time-dependent spacetimes. In our study we have tried to derive the time-dependent potential in
a natural way by considering dynamic black holes with black hole parameters changing with time. In our numerical
study, we have found the modification to the QNM due to the temporal dependence of the black hole spacetimes. The
decay and oscillation timescale are no longer constants with the evolution of time as that in the stationary black hole
case. In the absorption process, when the black hole mass becomes bigger, both the real and imaginary parts of the
quasi-normal frequencies increase with the increase of t. However, in the evaporating process, when the black hole
loses mass, both the real and imaginary parts of the quasi-normal frequencies decrease with the increase of t. This
property is different from that of the asymptotically flat spacetime [13] and is caused by the special characteristic
of behavior of the effective potential in AdS spacetime. Our result consolidate the argument proposed in [15] in
time-dependent situation that effective potential influences a lot on the quasinormal modes.
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TABLE I: Quasi-normal frequencies for the scalar perturbation in the stationary BTZ background.
General Coordinate Kruskal Coordinate√
M m ωR ωI ωR ωI
0.2 1 1 -0.4 1.002 -0.400
0.4 1 1 -0.8 0.965 -0.799
0.4 2 2 -0.8 2.003 -0.800
0.4 3 3 -0.8 3.004 -0.800
0.4 4 4 -0.8 4.005 -0.800
0.5 2 2 -1 1.999 -1.000
0.5 3 3 -1 2.993 -1.000
0.5 4 4 -1 4.007 -1.000
1 4 4 -2 4.004 -2.001
2 10 10 -4 10.014 -4.001
3 10 10 -6 10.028 -6.011
4 10 10 -8 9.973 -7.983
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FIG. 1: Temporal evolution of the field Ψ at a fixed radius. The mass of the black hole M = 0.5 and the multipole index
m = 5.
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FIG. 2: Temporal evolution of the field in the background of a BTZ black hole for m = 10. The mass of the black hole
M(t) = M0 ± 2At, where M0 = 0.5 and 2A = 5 × 10−3 are constant coefficients. The field evolution for M = M0 + 2At and
M = M0 − 2At are shown as the bottom curve and the top curve respectively. For comparison, the oscillation for M = M0 is
also displayed (the middle curve).
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FIG. 3: The same plot as Fig. 2. For clarity, the connected maxima of the oscillations are displayed. The imaginary frequency
ωI can be read from the decay time scale τ ∼ 1/ωI .
6 8 10 12 14 16 18
9.0
9.1
9.2
9.3
9.4
9.5
9.6
9.7
9.8
9.9
10.0
10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8
 M = 0.5 - 0.005 t
 M = 0.5
 M = 0.5 + 0.005 t
R
t
Fig4
FIG. 4: The frequency ωR determined from the oscillation period in Fig. 2 is shown as a function of t.
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FIG. 5: Temporal evolution of the field in the background of a evaporating BTZ black hole (upper curve). We use α0 = 0.05
and b = 2.0 in our calculation. For comparison, the mode in the stationary background with M = 0.5 (α0 = 0 and b = 2.0) is
also displayed (lower curve).
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FIG. 6: Same as Fig. 5. Only the connected maxima of the oscillations are displayed. The imaginary frequency ωI can be read
from the decay time scale τ ∼ 1/ωI .
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FIG. 7: The frequency ωR determined from the oscillation period in Fig. 5 is shown as a function of t for the evaporating black
hole. For the stationary black hole ωR is a constant.
